Abstract. Suppose that a compact Lie group acts on a smooth compact manifold and that the manifold is equipped with an invariant Riemannian metric. This metric induces a metric on the open dense stratum of the quotient space. Then the L (2) -cohomology of the open dense stratum with respect to the induced metric is isomorphic to the intersection cohomology with upper middle perversity of the quotient space.
Introduction
Let M be a smooth compact manifold and let G be a compact Lie group acting smoothly on M . (2) (M princ /G) is even a topological invariant of the orbit space M/G. The proof hinges on the fact that the metric on the quotient space is conical in the sense of Cheeger [5] , [6] .
Section 1 is a review the definitions of L (2) -cohomology and harmonic forms. Section 2 contains an outline of the proof of the L (2) de Rham Theorem and some comments, in particular on generalized Poincaré duality. Intersection cohomology with real coefficients and with respect to the upper middle perversityn of a space Y will be denoted by InH · (Y ), and its singular cohomology with real coefficients will be denoted by H · (Y ).
I would like to thank Eduard Looijenga and my thesis advisor Hans Duistermaat for useful discussions. This paper is a version of a chapter of my PhD thesis [14] .
L (2) -Cohomology and Harmonic Forms
This section is a cursory introduction to L (2) -cohomology. See [5] and [15] for more information and further references.
Let Y be an m-dimensional Riemannian manifold with metric ν. This metric induces in a natural way inner products on the fibres of the exterior powers of the cotangent bundle of Y . If α and β are differential forms of the same degree on Y , their inner product, regarded as a function on Y , will be denoted by (α, β), and (α, α)
1/2 will be abbreviated to |α|. For a k-form β the form * β is defined as the unique (m − k)-form such that for all k-forms α one has α ∧ * β = (α, β) dν, where dν is the volume form defined by the metric. (There is a little problem here if Y is not orientable. The solution is to regard dν and * α as forms with coefficients in the orientation bundle of Y ; cf. de Rham [12] .) Define the global inner product α, β and norm α by
The operator d * is the 'formal adjoint' of d in the sense that for all k-forms α and (k + 1)-forms β such that either α or β has compact support we have the equality 
It is not hard to show that the Hodge * -operator restricts to give an isomorphism 
It is easy to see that a quasi-isometry Φ induces an isomorphism Theorem 3 (Cheeger [5] ). The projection on the first factor p : (This is equivalent to the familiar slice theorem, see e.g. Koszul [10] or Bredon [4] .) For a subgroup H of G denote by M (H) the set of all points whose stabilizer is conjugate to H,
and the image ofd
By virtue of the slice theorem the set M (H) is a smooth submanifold of M (possibly consisting of components of different dimensions), called the manifold of orbit type (H), and the quotient M (H) /G is also a smooth manifold. Thus we have a decomposition M/G = H<G M (H) /G of the orbit space M/G into a disjoint union of manifolds, and it is easy to see that this decomposition is a stratification of M/G in the sense of [7] . If V H denotes the subspace of fixed vectors in V and W the orthogonal complement ( For convenience we shall assume that the orbit space is connected. This implies that there exists a maximal orbit type (K), in the sense that for all orbit types (H) occurring in the G-manifold M the group K is conjugate to a subgroup of H (see Bredon [4] 
sending (y, z, r) to (y, rz) is an H-equivariant diffeomorphism. It becomes an isometry as well, if we endow the product S(W ) princ × (0, 1) with the conical metric r 2 ν ⊕ dr ⊗ dr, where ν is the metric µ m | S(W ) princ and r the standard coordinate on (0, 1). So Ψ descends to an isometry
where, again, S(W ) princ /H × (0, 1) is equipped with a conical metric. The orbit space S(W )/H is called the link of the point π(m).
There are two naturally defined complexes of sheaves on the orbit space. 
If ω is an element of L · (U ), we shall say that it is a form on U princ such that ω and dω are 'square-integrable locally on U '. The complex of vector spaces L · (U ) is not necessarily the same as the complex dom d · of the Riemannian manifold
Proof. a. Let U be an open subset of the orbit space and let ω be a smooth basic form on π −1 (U ). We want to show that the forms ω| π −1 (U ) princ and dω| π −1 (U ) princ , which can be regarded in a natural way as differential forms on U princ , are squareintegrable locally on U . Let x ∈ U . It follows from the fact that the metric π * µ is conical near the singularities that x has a neighbourhood O ⊂ U such that O princ has finite volume. Moreover, it is easy to see from the fact that ω is a smooth form on the whole of π 
If A is a sheaf on M/G, its restriction to U k will be written as A k . Let i k be the inclusion U k → U k+1 . Goresky and MacPherson have given a sheaf-theoretic characterization of intersection cohomology in [8] . I will quote this in a version due to Borel [2] . According to [ 
The attachment map α
Remark 7. Goresky and MacPherson have defined intersection cohomology in [7] only for stratified spaces whose stratum of codimension one is empty. The orbit space M/G, however, may have a codimension one stratum. King [9] has extended the definition of intersection cohomology to arbitrary stratified spaces and shown that it is a topological invariant. The upper middle perversity index of the codimension one strata is defined to ben (1) It is now fairly straightforward to check axioms 1-3 for the complex L · . Axiom 1 follows from the fact that the complex L · 1 is just the de Rham complex of the manifold S n , which is a resolution of R by the Poincaré lemma. Axioms 2 and 3 follow from Theorems 3 and 4 of Cheeger and from the observation above that the metric is conical near the singularities. An outline of the argument can be found in [11] . This leads to the conclusion that the hypercohomology of the complex of sheaves L · is isomorphic to InH · (M/G). But this complex is fine by Proposition 6, so its hypercohomology is equal to 
(If i equals the dimension of S(W ), one has H i (S(W )) H = R, resp. = 0, if the action of H on W does, resp. does not, preserve an orientation of W . Therefore, M/G is a rational homology manifold if and only if for all m ∈ M the action of H on T m M is orientation-preserving.) Using this, one can easily show that the sheaf Ω · of invariant forms on M/G satisfies the axioms of intersection cohomology. Hence,
. Note that we do not require the action to be orientation-preserving. An analogous statement is true for (compact) V -manifolds (i.e., spaces that are locally modelled on quotient spaces of manifolds by finite group actions, see Satake [13] ).
Remark 9. One of the most important properties of intersection cohomology with respect to the upper middle perversity is that it satisfies Poincaré duality for a large class of singular spaces. A necessary condition for this to hold was stated in [5] and [8] . For orbit spaces it reads as follows: For any m in M such that the image π(m) ∈ M/G lies in a stratum of odd codimension k and for all distinguished
, the intersection cohomology (or, equivalently, the L (2) -cohomology) of the link S(W )/H in middle dimension vanishes:
If this is the case, we have the generalized Poincaré isomorphism
where O denotes the orientation bundle of M princ /G (with a constant fibre metric). Cheeger [5] has shown that in this case we also have a Hodge-de Rham isomorphism (2) is fulfilled at all points m ∈ M if there are no strata of odd codimension in M/G. For finite G one can easily deduce from Remark 8 that (2) holds if and only if the orbit space has no boundary points. So for V -manifolds without boundary we find a Hodge-de Rham theorem, which was already known to Baily [1] . The following proposition gives a necessary and sufficient condition for (2) to hold for orbit spaces of circle actions. It would be interesting to have an analogous result on actions of higher-dimensional groups. In the proof we use the notion of a regular point. 
If k > 1, this cohomology group is 0. If k = 1, the group H must be Z/2Z acting by reflection on the one-dimensional space W , and S(W ) consists of two points. 
Consequently, H (k−1)/2 (S(W )/H) = 0 if and only if k = 4l + 1 with l ∈ N. It follows from this and (3) that condition (2) is fulfilled at the point m ∈ M if and only if either of the following two conditions holds: a. m is regular and π(m) lies in a stratum of codimension k = 1, or b. m is not regular (so it must be a fixed point) and π(m) lies in a stratum of codimension k = 1 mod 4. This finishes the proof of the Proposition. Note that we did not assume M to be orientable or the action to be orientation-preserving. We see that Poincaré duality is violated for odd n.
We can find harmonic representatives in L · (2) (X princ ) for all intersection cohomology classes as follows. If α is any k-form on X princ , we can write α = α 1 +α 2 ∧dr, with α 2 = ι(∂/∂r)α and α 1 = α − α 2 ∧ dr. Let * be the Hodge operator on X princ . A straightforward computation yields: iff i > n. In particular, we see that, for n odd, H n (2) (X princ ) = 0, while H n (2) (X princ ) = 0, so that the Hodge-de Rham isomorphism breaks down.
